Abstract. This is a survey of some results on splice-quotient singularities which are a natural and broad generalization of quasihomogeneous surface singularities with rational homology sphere links. From its topology (i.e., the link or the resolution graph), we can write down the "leading terms" of equations of a splice-quotient singularity, and compute the geometric genus. Applying the formula for the geometric genus, we can verify the Casson invariant conjecture for splice-quotient singularities.
Introduction
Splice-quotient singularities are a generalization of quasihomogeneous complex surface singularities with rational homology sphere (QHS for short) links.
Let (X,o) be a normal complex surface singularity with QHS link E. It is well-known that E is determined by the resolution graph I\ Let (Y, o) -> (X, o) denote the universal abelian cover that is a finite morphism of normal surface singularities corresponding to the universal abelian cover (in the topological sense) of the link. Neumann [20] 
proved that if (X, o) is quasihomogeneous, then (Y, o) is a Brieskorn complete intersection singularity
{ (zi,...,zn) ec n [anz™ 1 + ---a in z™» = 0, i = 1,... ,n -2},
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After two decades, Neumann and Wahl discovered that this construction can be largely generalized, and established the theory of splice type singularities and splice-quotient singularities (see [23] , [24] , [25] ). The splice diagram functions are associated with a splice diagram satisfying the "semigroup condition." The splice diagram is a weighted tree uniquely determined by the resolution graph. The "leading forms" of these functions are linear forms of "admissible monomials" (such as zabove). Let Y denote the singularity defined by the splice diagram functions. Neumann and Wahl proved that Y is an isolated complete intersection surface singularity; it is called a splice type singularity. If the equations^are chosen so that the homology group G := i/i(E, Z) naturally acts on Y, then the quotient Y/G is a normal surface singularity (it is called a splice-quotient singularity) with resolution graph I\ This shows that if a topology of a normal surface singularity with a certain condition is given, then we can explicitly write down the equations of a singularity which realizes that topology. The splice-quotient singularities are characterized by the end curve theorem [21] (see Section 3) .
In this paper, we give a brief introduction of splice-quotient singularities and survey the formula for the geometric genus and its application to the Casson invariant conjecture for splice-quotient singularities.
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Normal surface singularities with QHS links
Let X C C n be a normal complex surface with a singular point o G X. We call the germ (X, o) a normal surface singularity. It is known that E := In Sf 1-1 , where Sf 1-1 is the (2n -l)-sphere of sufficiently small radius e, is a closed oriented 3-manifold which is independent of e, and that a neighborhood of o € X is homeomorphic to the cone over E. The manifold E is called the link of (X,o) . By definition, a topological invariant of (X, o) is an invariant of E.
Let 7r: X -» X be the minimal good resolution with the exceptional divisor E = 7r -1 (o), where "good" means that E has only simple normal crossings. Let {E v } ve y denote the set of irreducible components of E, and T the weighted dual graph of E. Then E and T determine each other ([19] ). The homology group iii(E, Z) is explicitly computed from F ([13] ).
In this paper, we always assume that E is a QHS, or equivalently, that each E v is a rational curve and T is a tree. Then Y and the intersection matrix 1(E) := (E v • E w ) have the same data, and iii(E, Z) is a finite group of order d |det I(E)\. In particular, E is an integral homology sphere We call an element of L (resp. L <g> <Q>) a cycle (resp. Q-cycle). 
The intersection form L* x L* -» Q defined by 1(E) induces a pairing 
The splice type singularities
Although a system of equations for a splice type singularity is associated with a weighted tree called a "splice diagram" in origin (see [24] for details), we introduce the splice type singularities in terms of "monomial cycles." We refer [28] If the sequence ends at DI, then EQ + DI is a monomial cycle. In a similar fashion, we see that F satisfies the monomial condition if (X, o) is a rational singularity or a minimally elliptic singularity (cf. [27, 3.5] ).
DEFINITION 3.3. Assume that the monomial condition is satisfied. Let
Ev be a node with branches C\,..., C$v, and let ml denote an admissible monomial belonging to CT. Let (cjj) be an arbitrary (SV -2) x 6V matrix with Cij G C such that every maximal minor of it has rank 5V -2. We define polynomials /i,... Note that if T is star-shaped, then the Neumann-Wahl system gives a Brieskorn complete intersection singularity. REMARK 3.4. By applying row operations to the matrix (cjj), we obtain the following form
with conditions a{bj -ajbi 0 for i ^ j and ai and bi are nonzero. we have admissible monomials zf and z §z| at the node In this way we see that r satisfies the monomial condition. In fact, we obtain a Neumann-Wahl system zf + z? + zfz| (at E 3 ), z 5 z 7 + zf + z| (at £io).
EXAMPLE 3.5. Suppose that T is represented as follows.
However the following graph does not satisfy the monomial condition.
For any v £ V, let e v denote the order of the element E* + L € H, i.e., the smallest positive integer such that e v E* € L. Suppose that D = Ylwev a wE w is a monomial cycle. We define the v-degree of the monomial z(D) as follows:
It is clear that e v a v is an integer, and that a Neumann-Wahl system at a node E v consists of quasi-homogeneous polynomial with respect to v-degree. [27, 4.3] ). Therefore the geometric genus p g of those singularities should be a topological invariant.
The p 9 -formula
The geometric genus p g {X, o) is defined to be the dimension of H l (0^). As is well known, it is not a topological invariant in general. However it can be computed from T in case where (X, o) is a splice-quotient singularity.
Assume that (X,o) is a splice-quotient singularity in this section. Let C{z} H denote the invariant subring of C{z} with respect to H-action. This ring consists of power series in z(D) with D G L. The homomorphism ip in (3.2) 
MA L power series. For any n > 1 set Pp(n) := ^"TQ a l . Suppose that Ppikn) is a polynomial function of n for some k £ N. Then the constant term of Pp{kn) is independent of k. We call this constant the periodic constant of F(t) and denote it by F\ pc .
PROPOSITION 4.3. (see [28, 4.8]) If H v (t) is expressed, as p(t) + r(t)/q(t), where p, q, and r are polynomials with degr < degq, then H v \ pc = p(l).
Let Ci,..., Cs v be the branch of E v , and let (X;, Xi) denote the surface singularity obtained by blowing down Cj. The end curve theorem implies the following ([28, 2.16] ).
PROPOSITION 4.4. A singularity obtained by blowing down a connected reduced cycle E' < E is splice-quotient. In particular, (X{, Xi) are also splice-quotient.
We can show that nC)) = J2p g (Xi,Xi) for sufficiently large n, and obtain the following ([28, §4] 4 (at E 7 ).
Computing the inverse matrix I{E)~L, we easily see that . Then we have a weak simultaneous resolution ( [11] ) f'X -> X and also a generically finite morphism g : y -> X such that each fiber over t 6 T is a resolution of the universal abelian cover of Xt (cf. [26, §5] ). However in general y cannot be blown down to a deformation of (Y, o); this happens when h l (Oy a ) > h l (Oy t ) for i ^ 0. Therefore an equisingular deformation of a splice-quotient singularity need not be of that type. The counterexample is found in [12, 4.5] .
The Casson invariant conjecture
Assume that (X, o) is an isolated complete intersection surface singularity, i.e., X is the fiber / _1 (°) °f The Milnor fiber of (X,o) is a 4-manifold F := f'^t) D B 2n , where B 2n is a sufficiently small ball centered at the origin and t £ C" -2 is a general point which is sufficiently close to the origin. Then F is simply connected and its boundary is E. We denote by a(F) the signature of the intersection form on H2(F, R). It is an invariant of (X,o). In fact, we have the following. 
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Assume that S is a ZHS. Then the Casson invariant A(£) is defined. The following conjecture claims that v(F) (or p g (X, o) ) of a complete intersection surface singularity with ZHS link is a topological invariant.
The Casson invariant conjecture (CIC for short) was first proved for Brieskorn hypersurface singularities by Fintushel-Stern [6] . Then using this result and additivity properties, and independently proved the CIC for Brieskorn complete intersections. In the following, we give an outline of the proof given in [17] ; the point is to use the "semi-additivity" property of p g (X,o) .
The splice of ZHS's Si and £2 along knots si C £1 and C £2 is defined as follows ([5] , [25, §9] ). Let iVj C £ t be a closed tubular neighborhood of Si and £• = £j \ Int/V*. Let T = dNi. The splice of £1 and £ 2 is the manifold £' x U^ £'2 pasted by matching a meridian in dNi and a longitude in dNj, i / j. The splice of ZHS's is also a ZHS. The following additivity was independently proved by Boyer-Nicas [2] and Fukuhara-Maruyama [7] . The splice diagram is a finite tree having only nodes and ends as vertices, and has positive integer weights on the edges around nodes (see [5] , [24] , [25] ). The splice diagram A associated with the weighted dual graph T is constructed as follows. As a graph, A is obtained from F by collapsing vertices v with S v = 2. Then each weight on an edge around a node w of A is |det/(C)|, where 1(C) is the intersection matrix of the branch C of E w indicated by the edge. T:
Its splice diagram is The weight 7 is the determinant of the branch
The splice diagrams that correspond to ZHS links of surface singularities are characterized in terms of the weights( [5] ). The weighted dual graph is recovered from its splice diagram ([25, §9] ). Therefore the splice diagram A also describes the link E. According to [5, Chap. 2] , each node of A with weights QI, ... ,a n , each end, and the edge connecting two nodes indicate a Seifert manifold ..., a n ), a singular fiber, and the splicing, respectively. 
where Gi is a fiber of the fibered knot determined by Ai and data of the splicing.
Since the link of the singularity is also the boundary of the Milnor fiber, it is natural to expect that F might be obtained from F\ and F2 by a construction compatible with splicing. It is formulated as the Milnor fiber conjecture, which immediately implies the additivity o(F) = er(Fi) + a(F2) ([25, §6] ).
Assume that (X, o) is a splice-quotient singularity with ZHS link. Then the invariants p g (X,o) and a(F) are determined by T. So we may write as 
If T is star-shaped, then (X, o) is an equisingular deformation of a Brieskorn complete intersection (cf. [27, 4.3] ) for which the CIC is verified. Thus we may assume that the number of nodes is more than one (i.e., #JV > 2).
Let E Vl be an end having just one branch which is not a chain, and let E V2 be the node nearest to E Vl . Let T' C T be the subgraph corresponding to the branch of E Vl containing E v2 , and w the vertex in T' which is connected to v\. Let Hy, Vi (t) be the Hilbert series of the associated graded ring of the filtration with respect to E Vl . By Theorem 4.5 we have the following. 
(T').
We decompose A as the splice of two splice diagrams Ai and A2 as follows:
Let Tj denote the minimal weighted dual graph corresponding to A,, and X, a splice type singularity associated with IV LEMMA 5.8. ([17, 4.6-4.7] Since 6i(Gj) is the Milnor number of a certain hyperplane of X{, using A'Campo's formula [1] or [5, §11-12] , it can be expressed as a periodic constant of a rational function. This observation implies the following (Hrm -H~T2 < -ffn.tJIpc = 6I(Gi)6I(G2)/4.
Thus we obtain the formula of Theorem 5.7 (3) . By induction on the CIC follows. 
